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In this paper we have derived some models of cylindrical symmetry in which
source of gravitational field is perfect fluid with pressure equal to energy density.

1. INTRODUCTION

Plane symmetric space-times representing distributions of perfect fluid
with isentropic flow was discussed in detail by Taub (1956). Nonstatic
solutions of plane symmetry are particularly interesting as they may repre-
sent galaxies which by and large exhibit plane symmetry. Tabensky and
Taub (1973) have discussed plane-symmetric distributions of perfect fluid
with irrotational flow which satisfy the equation of state p=p. This latter
condition is satisfied in the case of a relativistic degenerate Fermi gas or in
the case of neutron stars having very dense baryon matter (Zeldovich and
Novikov, 1971; Walecka, 1974). Further work in this field was done by
Letelier (1975, 1979), Letelier and Tabensky (1975), and Singh and Yadava
(1978) in the case of cylindrical symmetry. In the present paper we have
obtained a few solutions with the above equation of state in the case of the
Marder metric which is of cylindrical symmetry.

We consider the metric in the form

ds* =A*(dt* —dx*)—B*dy? —c*dz? (1)

where the metric potentials are functions of x and ¢ alone. The energy-
momentum tensor for perfect fluid distribution is given by

Y;j:(p+p)uivj_pgij (2)
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together with
g, v =1 (3)

p being the density, p the pressure, and v, the flow vector. The field
equations to be satisfied are

—8rT,;=R,;—1Rg,, (4)
Equétions (2) and (4) for metric (1) lead to
v, =0, =0 (5)
The field equations (4) lead to

B C A (B C A, ( B C
_ 2 P I Rt T < s | 1 Ly 24|74 >4
877[(p+p)v,+pA] [B + R ( + ) (B + C)

B C A
B,C,—B,C,
A A B B
— 2|24 ) 44 1L
S7pd [(A SRS = } )
4 4 Cu Cu]
- 22y -2 44 11
st =] ()~ (5 )+ & -2 ®
B A, (B C A, [ B C,
_ 2 pq2|=j 2 L 7 M) 4P e
8l (p+p)oi —pa’] {B+ C A<B+C A(B+C)
B,C,—B,C,
BC )
_ _|Bu C14_A1(ﬁ C4)_ﬂ(ﬂ C1)
8w[(p+p)vlv4]—[ 3 + c 1\ + C ~ |3 + o
(10)
From equations (3), we have
02 —v? =A4* (11)

Suffixes 1 and 4 in the above equations after 4, B, and C denote partial
differentiation with respect to x and ¢, respectively.
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2. SOLUTIONS OF THE FIELD EQUATIONS

From equations (7) and (8) we have

BMU —_ CMU
3= (12)
where
u=3%(x+t)
o=}(x—1) (13)

From equations (6), (9), and equation of state p=p we have

JBu  BGABG,
B BC (14)

From equations (6), (7), (9), (10), and (12) we have

(Buu Cuu)_zég(&“{_gg_) X (va_{_cuv)_zAv(ﬂ_’_gg)
B C A\B ' C B C A\B ' C
Bqu+BDCu_ Au 2
’[ BC Z(Y)J (15)

Case (a). Putting BC=p and B/C=v», we get from equations (12) and
(14), respectively,

+
2(”—) + Bale THPy g (16)
v o uv
and
+
2(M)+2(ﬁ) + e TR (17)
© v /o uy

From equations (16) and (17), we have

Pouo =0 (18)
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which leads to
p=f(u)+g(v) (19)
Case (a.1). Let us assume that
logr==8(u)+6(v) (20)

From equations (16), (17), (19), and (20) we have

1) g
-0 21
fu g, 1)

where a is constant. Integrating equations (21) we have
logv=a(f—g)+b, (22)

where b, is a constant. Arriving at 4 =A(p) from equation (15), we have

8oo d
2= (1-a%) ~4u- (log 4)

v

X

2

[thfjj‘—;’ -(1 —azuz)—%d%(log/i)

u

2

d2
(1+a%2) ~ 442 = (log 4)
dp

(23)

From equation (23) it is clear that ( f,,/f?2) and (g,,/gZ>) both should be
constant. In particular we assume that

Juu _ 8oo
'f—z = 'g—2 =A (24)

where A is a constant. From equations (19), (22), and (23) we have

’ a/A 1/2
p=[2(7) " oe ] @)

[ 1 juyr P2
SR



Cylindrical Symmetry 713

where U=u-+u,, V=v+1v,, u,, vy, P, and Q" are constants. From equa-
tions (23) and (24) we have

d d*
2pA—(1 —azuz)—-4p.zﬁ (log A)] ==|(1 +a2u2)——4u2d—‘u2(logA)

(27)

Two cases arise:

Case (a.1.1). Taking the upper sign in (27), we get

(1 p "4 1 1 P \? P
A_{Xl()g_l]_l;} exp{a[i(xlogv—l;) +logTJ—I7+QJ} (28)

where £ and Q are constants. By suitable transformation the metric (1)
reduces to the form

1 P\ 1 P \? P
2 [ 2 o e 2 loe L 2 gy2
ds*= ( y log UV) exp[i( y log UV) +log UV—I—Q](dT dx*)

_logUPI;[(L(;)a/}\dY2+(%)H/Adzz] (29)
where
—4(X+T)
=3(X-T) (30)

Case (a.1.2). Taking the lower sign in (27), we get

|1 P ]e 1|a?1 P \? P
A—[Xlogﬁ/} exp{i[f(xlog?ﬁ;) +1ng]7+q ]} (31)
where ¢ and ¢’ are constants. By suitable transformation the metric (1)
reduces to the form
1 P \* a* (1 P \? P
2| = i - | - . - ’ 2_ 2
ds —()\log UV) exp[4 (}\log UV) +log UV+q](dT dx?)

e 2 (XN 2 (_[{)a/A 2
logUV[(U) dy*+ > dz (32)
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Case (a.2). Let us assume that
p=p(u) (33)
From equations (16) and (33), we have
logr=p""?[ F(u)+G(v)] (34)

where F and G are arbitrary functions of u and v, respectively. From
equations (15), (33), and (34) we have

2 2 2
B, Fu | Vu b Au) v "y (Au)
21— —F+ =42 ) X2 =22 —£
[(#)u+u2 v? ﬂ(A v? [1’2 4 4/, (35)
We assume that
2 2 2
p Ba ¥ by (A4 v,
2( u) +.._”+_.“__4_‘_“(..__“) :(—”—) 36
[ r/, w2 P2 p\ A4 »? (36)

From equations (35) and (36), we have

A 2
o) ]

14
Case (a.2.1). Taking the upper sign in (37), we have

Au ¥y yuz
4(—14—)0‘0‘——2—-::2- (38)

14

From equations (33), (34), (36), and (38), we obtain

Pu 5 Qo0 _
Pl (39)

where / is a constant. Integrating equations (39) we have

p=elut? (40)
_ 2 —({/Do+”
G=— 76 (41)

where /" and [” are constants. Hence from equations (33), (34), (40), and
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(41), we get

BZ‘% exp { —;— [luta,Fe=0/D% —p o =U/n0+0] } (42)
1

c= al exp { % [lu—a, Fe =/ +p e ~U/n0+u) } (43)
1

where a, =e /2 b, =(2/)e ~"/**", From equations (36), (40), and (41),
we get

2
4log A= [lu-i— EILM(u)ﬁ-alble_’”ﬂN(u)—%—log L(D)] (44)

where

M(u)Zfe_’"(Fu—éF)zdu, N(u)Zfe"“(Fu—%F)du

and L(v) is an arbitrary function of v. By suitable transformation the
metric (1) reduces to the form

2
ds?= [L(v)]l/zexp{% [lu+ a—;M(u)—t-alble _(1/2)°N(u)]}(dt2 —dx?)

—exp|lu+a,Fe /P4 —p e ~U/Mot0)] gy?
—exp[lu—alFe_(’/Z)“+b1e—(1/2)(u+u)] dz? 45)

Case (a.2.2). Taking the lower sign in (37), we have

2

Au Vuvu__vu
4(7)0-’-—1}.2—-_ V2 (46)

From equations (33), (34), (36) and (46) we have

ILM LY
Bu—pdow—g 47
” (47)
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where K is a constant. Integrating equations (47) we get

‘u___el(u+K’ (48)
— E Kv/2+K"
G=e (49)

where K’ and K" are constants. Hence from equations (33), (34), (48), and
(49) we have

1 1

B=_- exp{i [ Ku+poFe ~X4/2 + g Kom0/7] } (50)
0
1 1 —Ku/2 K(v—u)/2

C=p—exp 5[Ku—p0Fe /2 — g eKemw/2) (51)
0

where p,=e %72, g, =(2/K)eX"~X'/2. From equations (36), (48), and (50),
we get

2
410gA:[Ku+ %J(u)—quOeK”/zH(u)-HogQ(v)] (52)

where

J(u)Zfe_K“(Fu—-QIgF )Zdu, H(u)=fe~K"(Fu——§F)du

and Q(v) is an arbitrary function of v. By suitable transformation the
metric (1) reduces to the form

ds>=[0(v)] l/zexp{-zl- [Ku+ £I-§J(u)—quOeK”/zH(u)”(dtz —dx?)

—exp[Ku—I—poFe —Kus2 +q0eK("_")/2] dy?

—exp[ Ku—pyFe ~X4/2 — g eK(v=0/2] 472 (53)
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Case (b). Let us assume that B and C are functions of 4. Hence from
equations (12) and (14), respectively, we have

[CB”—BC”]__ A,

CE—BC |~ |44, (54)
B// C/ Auu
[?*?]—“[m] (53)

where a dash denotes differentiation with respect to 4. Equating the
left-hand side of equations (54) and (55), we get

B=a,C'/@ ™D (56)

where a, and a’ are constants. From equations (54) and (55), we conclude
that

Auv —
e =) (57)
From equation (57), we have

A=A{a(u)+p(0)}=4(x) (58)

where x=a- . Hence from equations (57) and (58) we have

-4 (59)

where a dot denotes differentiation with respect to x. From equations (55)
and (59) we have

B=M,/C (60)

where M, is a constant. From equations (56) and (60) we get

B=q" (61)

C=¢ (62)
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where
o=m'x+N’
, Mya’ 1
m = s m= —
a, a

and N’ is a constant.
Equations (15), (61), and (62) lead to

=225 & (2 o -25 5)
[0 (2 )]
(63)

From equation (63) it is clear that (e,, /a2) and (B,, /BZ) both should be
constant. In particular we assume that

Ay By

2 B =b (64)

where b is a constant. From equations (63) and (64) we have

2328 - 5]

where n=b/m’. Two cases arise:

Case (b.1). Taking the upper sign in (65), we have

A=eXP[%(q¢2+n¢+v)] (66)

where g and y are constants. Also from equation (64) and ¢=m'x+ N’ we
have

¢=K,—(1/n)log(X*—T?) (67)
where

utn=U=4(X+T), o+&=V=4(X-T)
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and K, n, and £ are constants. By suitable transformation the metric (1)
reduces to the form

dszze(q¢2+"¢+7)(dT2—dX2)
_Alm dy2_¢2(1‘m) de (68)

where ¢ is given by equation (67).
Case (b.2). Taking the lower sign in (65), we get

A=¢"exp{§[2m(m—1)(log$)’ +no+v,} (69)

where # and vy, are constants. By suitable transformation the metric (1)
reduces to the form

dS2:¢2he[2m(m—1)(log¢)2+nd>+y0](dTZ_dXZ)
—Am dy2_¢2(1~m)d22 (70)

3. SOME PHYSICAL AND GEOMETRICAL FEATURES

The expressions for pressure (density), flow vector, and reality condi-
tions for different cases are as follows.

Case (a.1.1).
8ap=8mp

4p?—gq?

il (71)
}\ZAZ(XZ___TZ)

AT
= 2
Uy (XZ—TZ)I/Z (72)
AX (73)

V=~
(XZ_T2)1/2

The reality condition requires that 4P>—g?>0. The space-time represented
by the model is in general of Petrov type I; however, for a=0 it is of type D.
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Case (a.1.2).
8mp=8mp
_ 1 —(4e+1)
 (AlogP/UV )| (X2—T?) (74)
o AX
)] "
0,= AT (76)

[-(x>~12)]"

It is clear that the model is realistic only when X?>— 7%><0. Hence P<0.
The reality condition in this case requires that (4e+1)>0. For this model
also space-time in general is of type I and it is type D for a=0.

Case (a.2.1).
8mp=8mp
HaAN
— —I(v+u) 77
[16,42]6 (77)
— _ 2a v/2 2
v, = A[l blle (78)
1/2
va=A [2- ﬂe’v/z} (19)
bl

The reality condition for this case is identically satisfied. The model
represents a space-time which is in general of Petrov type 1. However, for
a, =0 or F(u)=e"/?*!o it is of type I and for @, =0 and L(v)=e**" it is
of type D.

Case (a.2.2). This model turns out to be unrealistic.
Case (b.1).
8mp=8mp

n2A2¢2(X2 __TZ)
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4 q¢”—m(m—1)(x2+T2) 2
v, =— = -1 (81)
2 | go*+m(m—1) | X2 —T1?
2 _ -1 2 2 1/2
g = | 2 )(X+T) 1 (82)
‘/5 q¢* +m(m—1) \ X2 -T2

Since by (67) X* —T?>0 the reality condition requires that g¢* +m(m—1)
>0. The space-time represented by the model is in general of Petrov type L
However, for m== it is of type D.

Case (b.2).

8mp=8mp

_43m(m—1)—gm(m— 1)log ¢— k]
o n2A2¢2(X2'T2)

(83)

4[| ht2m(m—1)logg—m(m—1) (x> +72 )_1 172
o= TR | Bm(m—1)—2m(m—Dloge—h | x* -1
(84)
A h+2m(m—1)logp—~m(m—1) X24T2 172
vy == +1
*7 B || 3m(m—1)—2m(m—1)log¢—h | \ x2 -T2

(85)
The reality condition in this case is
3m(m—1)—2m(m—1)logo—h>0

The model represents a space-time, which is in general of Petrov type L
However, for m=7 it is of type D.

All the above models are rotating shearing expanding and nongeodetic
in general. '
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